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We study the problem of tumor growth and its monitoring ranging from the simple model
for the radially symmetric to the more complex case being the radially non-symmetric one.
In each case, we take killing rate of the cancer cells dependent on the concentration of the
cells. A number of invariant reductions whose further analysis leads to exact solutions are
obtained. Conservation laws for the model are also studied.
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1. Introduction
The problem of tumor growth and its monitoring has attracted a considerable attention over the last two decades.
The mathematical model that is used to study this growth phenomenon is based upon the diffusion processes involved
in proliferation of cells and nutrients. Some of the basic considerations in the mathematical modelling and an elementary
tumor model was discussed by Jones and Sleeman whose complete discussion is given in [1] (see also [2]). Over the last
few years, a number of researchers investigated growth and monitoring aspects in tumors [3,4]. A review of these result is
found in some references such as [5]. Whereas study of the tumor growth has its own importance for understanding the
disease, an important aspect of all these studies is to ﬁnd a model that may help treat tumors. For this purpose a model
was proposed by Burgess et al. [6].
The mathematical formulation leads to the reaction diffusion equation
ut = D∇2u + Pu − ku, (1.1)
where u is the concentration of tumor cells, D is the diffusion coeﬃcient, P is the proliferation rate and k is the therapy
dependent killing rate. We can write this equation after re-scaling in terms of spherical coordinates (r, θ,φ) as
ut = urr + 2
r
ur + 1
r2
uθθ + 1
r2
cot θuθ + 1
r2 sin2 θ
uφφ − Ku. (1.2)
Under the assumption that tumor cells are completely symmetric in radial as well as azimuthal directions, this can be
reduced to
ut = urr + 2
r
ur − Ku (1.3)
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A.H. Bokhari et al. / J. Math. Anal. Appl. 350 (2009) 256–261 257which on using transformation u(x, t) = ru(r, t) becomes a simple one space-dimensional reaction diffusion equation
ut = uxx − Ku. (1.4)
Moyo and Leach [7] have studied this equation for a variable killing rate k(x, t) using symmetry analysis and similar-
ity variables. One can refer to [9] for the symmetry method for ﬁnding exact solutions of nonlinear ordinary or partial
differential equation (pde) which was originally proposed by Sophus Lie.
In this paper, as ﬁrst step we consider a killing rate which is dependent on the concentration u(r, t) which is a more
interesting realistic case and renders the resulting pde to be nonlinear. We perform symmetry analysis to provide some
solutions of the resulting nonlinear tumor monitoring equation. As a second step, we consider a more general tumor model
in which the tumor cells are not assumed to have complete radial symmetry.1 It is further assumed that the killing rate is
proportional to the concentration of tumor cells, and in general even a function of concentration of these cells. This model
seems to be more realistic and poses greater complexity. Lie symmetry method is used to ﬁnd the similarity variables and
reduce the nonlinear pde into an ordinary differential equation (ode). Denoting radial variable r by x we can write the
governing pde as
ut = urr + 2
r
ur + 1
r2
uθθ + 1
r2
cot θuθ − K (u)u (1.5)
which can be put in a more convenient form by substituting y = cos θ to get
ut = uxx + 2
x
ux + 1− y
2
x2
uyy − 2
x2
yuy − K (u)u. (1.6)
We ﬁrst present some preliminaries. Suppose (t, x) and (u, v) are the independent and dependent variables, respectively.
The total derivative operator with respect to t is
Dt = ∂
∂t
+ ut ∂
∂u
+ vt ∂
∂v
+ utt ∂
∂ut
+ utx ∂
∂ux
+ vtt ∂
∂vt
+ vtx ∂
∂vx
+ · · ·
and equivalently for Dx . The Euler–Lagrange operators are
δ
δu
= ∂
∂u
− Dt ∂
∂ut
− Dx ∂
∂ux
+ D2t
∂
∂utt
+ D2x
∂
∂uxx
+ · · · ,
δ
δv
= ∂
∂v
− Dt ∂
∂vt
− Dx ∂
∂vx
+ D2t
∂
∂vtt
+ D2x
∂
∂vxx
+ · · · . (1.7)
A Lie symmetry generator will be denoted by
X = τ ∂
∂t
+ ξ ∂
∂x
+ φ ∂
∂u
+ ζ ∂
∂v
(1.8)
where, for a point generator, ξ , τ , φ and ζ are functions of (t, x,u, v).
Consider a kth order differential equation
E1(t, x,u, v,ut ,ux, vt , vx, . . .) = 0,
E2(t, x,u, v,ut ,ux, vt , vx, . . .) = 0. (1.9)
A conserved ﬂow of (1.9) (T 1, T 2) is a vector along which the conservation law
Dt T
1 + DxT 2 = 0 (1.10)
is satisﬁed along the solutions of (1.9). If there exists a function L(t, x,u, v,ut ,ux, vt , vx, . . .) such that
δL
δu
= 0, δL
δv
= 0 (1.11)
satisﬁes (1.9), we say (1.9) is variational and L is a Lagrangian of (1.9). If (1.11) does not satisfy (1.9) completely but
δL
δu
= E10,
δL
δv
= E20 (1.12)
where E1 = E10 + · · · and E2 = E20 + · · · , we say L is a partial Lagrangian of (1.9). A generator of the type X in (1.8) is a
Noether-type symmetry corresponding to a partial Lagrangian L if it satisﬁes
XL + L(Dtτ + Dxξ) = W 1 δL
δu
+ W 2 δL
δv
+ Dt f + Dxg (1.13)
for some gauge vector ( f , g), W 1 = φ − utτ − uxξ , W 2 = ζ − vtτ − vxξ and X prolonged accordingly.
1 The growth of cancer cells is known to be dependent on the number of cells at any point in time (concentration). Eliminating these may (in fact, should),
nontrivially, be dependent, also, on this concentration. One would like to eliminate the cancer cells based on the concentration. The extent to which this
‘killing’ is carried out depends on the particular situation and a plausible situation to consider is an exponential, linear or even a quadratic dependence of
the concentration. One may regard the quadratic case as being mathematically interesting but even this case is physically nontrivial (see [8]).
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leaves invariant the action integral and is also a Lie symmetry of the Euler–Lagrange equations. For partial Lagrangians, the
Noether-type symmetries need not be symmetries of the differential equation (see [10]).
Corresponding to each Noether-type symmetry X of partial Lagrangian L of ﬁrst-order, there exists a conserved ﬂow
(T 1, T 2) of the system (1.9) given by
T 1 = Lτ + W 1 ∂L
∂ut
+ W 2 ∂L
∂vt
− f ,
T 2 = Lξ + W 1 ∂L
∂ux
+ W 2 ∂L
∂vx
− g, (1.14)
where u1 = u and u2 = v . These ‘formulae’ for the conserved ﬂow are the same as those in Noether’s theorem even though
the generator X is not a Lie symmetry of Eqs. (1.9).
The formulae above can easily be rewritten for additional independent variables or for scalar equations.
Note. The symmetry reduction of the original pde leads to one of several situations. It may provide an analytical solution,
one or few, combined reductions of the pde for further symmetry analysis or, in the latter case, lend the model to other
analyses such as numerical, homotopy or Adomian decomposition. That is, the symmetry reduction either yields a solution
or sets up a simpler situation for the intervention and use of other methods.
2. The completely radially symmetric case
In the simplest situation, if we assume a completely radially symmetric situation and the killing rate, K , is dependent
on concentration of tumor cells, i.e., K = K (u), we get (1.4) to be
ut = uxx − K (u)u. (2.1)
(i) For K = aun , a constant, (2.1) admits the point symmetry generators ∂t , ∂x and − n2 x∂x −nt∂t + u∂u for which the ﬁrst
two lead to travelling wave type solutions by setting y = x− ct (c being the speed of the wave). That is, u′′ + cu−aun+1 = 0
which leads to the ﬁrst-order ordinary differential equation (ode)
dβ
dα
− 1
β
αn+1 + c = 0 (2.2)
where α = u and β = u′ .
The scaling generator − n2 x∂x − nt∂t + u∂u has invariants y = x
2
t and w = t−mu (m = − 1n ) from which (2.1) takes the
reduced form
4yw ′′ + (2+ y)w ′ − awn+1 + 1
n
w = 0. (2.3)
The steady solution is obtained by via ∂t (or putting c = 0 above) for which we obtain a solution
x+ k1 =
∫
du√
2a
n+2un+1 + k2
.
(ii) The case K = eau does not yield the scaling symmetry so that the only symmetry invariant solutions are of the
travelling wave or steady state type. The former, as in (i), leads to the ﬁrst-order ode
dβ
dα
− αe
aα − cβ
β
= 0.
3. More general case
A ‘more realistic’ (1–2) model is described by (1.6) for which we perform a detailed reduction analysis in a number of
situations of the killing rate K . The point dependent vector ﬁelds
X = p(x, y, t,u)∂x + q(x, y, t,u)∂y +m(x, y, t,u)∂t + f (x, y, t,u)∂u (3.1)
that leave (1.6) satisfy
X [2]
(
−ut + uxx + 2
x
ux + 1− y
2
x2
uyy − 2
x2
yuy − K (u)u
)∣∣∣∣
(1.6)
= 0
where X [2] is the second prolongation of the generator X .
(i) If the killing rate of the cancer cells is constant, then let K = k, the constant. Here, after some detailed calculations, it
can be shown that (1.6) generates a Lie algebra of point symmetry generators with basis
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(
y2 − 1
x
)
∂y, X
2 = 1
2
x∂x + t∂t − ktu∂u, X3 = ∂t , X4 = u∂u,
X5 = −ty∂x + ty
2 − t
x
∂y + 1
2
xyu∂u, X
6 = 1
2
tx∂x + 1
2
t2∂t + 1
8
(−4kt2u − 6tu − ux2)∂u,
X∞ = C(x, y, t)∂u, (3.2)
where C(x, y, t) satisﬁes Eq. (1.6).
Firstly, since the commutator [X1, X2] = 12 X1, we may reduce (1.6) to an ode by successive reduction starting with X1.
It can be shown that X1 has invariants α = x√1− y2, t = t and u = u so that
ut = ut ,
ux = uα
√
1− y2, uxx = uαα
(
1− y2), uy = −uα xy√
1− y2 ,
uyy = −uα
[
x
(
1− y2)− 12 − xy2(1− y2)− 32 ]+ uααx2 y2(1− y2)−1 (3.3)
by which (1.6) reduces to the pde
uαα + 1
α
uα − ku − ut = 0. (3.4)
In the transformed variables (α, t,u), X2 takes the form 12α∂α + t∂t − ktu∂u which has invariants γ = t
1
2
α and w = ektu so
that
uα = − t
1
2
α2
e−kt w ′,
uαα = e−ktt 12
[
2
α3
w ′ + t
1
2
α4
w ′′
]
(3.5)
so that (3.4) reduces to the ode
γ 3w ′′ +
(
γ 2 − 1
2
)
w ′ = 0
which is easily reducible to the ﬁrst-order ode γ 3p′ + (γ 2 − 12 )p = 0 so that
u = k1e−kt
∫
1
γ
e−1/(4γ 2) dγ .
The ﬁnal solution would be invariant under the two-dimensional algebra {X1, X2}.
The combination 1c X
3 + X4 = 1c ∂t + u∂u commutes with X1 so that (3.4) can be reduced via this combination which has
invariants γ = α and w = ue−ct . Thus,
ut = cwect, uα = w ′ect, uαα = w ′′ect
by which we get the ode
w ′′ + 1
γ
w ′ − (k + c)w = 0.
We can obtain other two-dimensional subalgebras which would reduce (1.6) to odes leading to other invariant solutions
of (1.6).
(ii) We now suppose that killing rate of the cells is proportional to the concentration of the cells for which the basic
case is obtained by letting K = u (generally, this would mean K = k1u + k2 where k1 and k2 are constants). Inter alia, the
calculation of the point symmetry generators lead to
X1 = y∂x −
(
y2 − 1
x
)
∂y, X
2 = ∂t , X3 = 1
2
x∂x + t∂t − u∂u . (3.6)
The commutator [X2, X3] = X2 so that an X2 reduction of (1.6) is
uxx + 2
x
ux + 1− y
2
x2
uyy − 2
x2
yuy − u2 = 0 (3.7)
that admits X3 in its transformed form 12 x∂x − u∂u . This has invariants γ = y and w = x2u by which (3.7) becomes the ode(
1− γ 2)w ′′ − 2γ w ′ − w2 + 2w = 0.
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uαα + 1
α
uα − u2 − ut = 0, (3.8)
where α = x√1− y2 and X3 in these coordinates is 12α∂α − u∂u . Its invariants are γ = α2t and w = tu so that ut =
−t−2w − t−3α2w ′ , uα = 2t−2αw ′ and uαα = 2t−2[w ′ + 2t−1α2w ′′]. Eq. (3.9) becomes
4γ w ′′ + (γ + 4)w ′ − w2 + w = 0.
(iii) A similar analysis can be carried out with killing rate satisfying an exponential function K = ecu . The generator
y∂x − ( y2−1x )∂y reduces (1.6) to
uαα + 1
α
uα − ecuu − ut = 0 (3.9)
(α = x√1− y2 ) which, if followed by time translation, becomes the ode
u′′ + u′ − ecuu = 0.
4. Conservation laws
Due to the reaction term K (u)u in (1.6), the conservation laws DxT 1 + DyT 2 + Dt T 3 = 0|(1.6) , if any, are not obvious
and ﬁnding these would require some nontrivial method and procedure. Even though (1.6) is not derivable from a varia-
tional principle, we employ an adaptation of Noether’s theorem using the notion of a partial Lagrangian described in the
Introduction. If we set
L = x2g(u) + 1
2
x2u2x +
1
2
(
1− y2)u2y, (4.1)
where g′(u) = ∫ K (u)u du, then
δL
δu
= −x2
(
uxx + 2
x
ux + 1− y
2
x2
uyy − 2
x2
yuy − K (u)u
)
so that δL
δu = −x2ut in (1.13) when we determine Noether-type symmetries, if any, viz.,
X [1]L + L(Dxp + Dyq + Dtm) = ( f − pux − qux −mut)
(−x2ut)+ Dxα1 + Dyα2 + Dtα3, (4.2)
where the Noether-type symmetry is of the form X = p(x, y, t,u)∂x + q(x, y, t,u)∂y + m(x, y, t,u)∂t + f (x, y, t,u)∂u and
(α1,α2,α3) is a gauge term. The expansion and separation by monomials lead to p = q =m = 0, α1u = fxx2, (1− y2) f y = α2u ,
f x2 = α3u , K f ux2 = α1x + α2y + α3t and, with further separation (with K = k constant),
kx2 f = 2xfx + x2 fxx − 2yf y +
(
1− y2) f yy + ft x2,
α1 = x2u fx + β1(x, y, t), α2 =
(
1− y2)u f y + β2(x, y, t), α3 = f x2u + β3(x, y, t),
β1x + β2y + β3t = 0. (4.3)
Thus, we have the Noether-type symmetry X = f ∂u and conserved ﬂow
T 1 = f x2ux − x2u fx − β1,
T 2 = f (1− y2)uy − (1− y2)u f y − β2,
T 3 = f x2u − β3, (4.4)
so that
DxT
1 + DyT 2 + Dt T 3 = f
[
x2
(
uxx + 2
x
ux + 1− y
2
x2
uyy − 2
x2
yuy − ku − ut
)]
.
Remark. The conclusion of the nonexistence of conservation laws (for those particular cases) is a mathematical one and
has no bearing on the validity of the kinds of solutions that are obtained there. It may mean, for e.g., that one cannot do
‘potential symmetry’ analysis of the problem (like certain wave equations or Burgers equation) or one may not be able set
up a convenient potential system. There are many physical models that have solutions with no conservation laws (like the
Fisher equation which studies reaction waves in biology and the Fitzhugh–Nagumo equation).
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We have studied the problem of tumor growth and its monitoring for various cases ranging from the simple model
for the radially symmetric to the radially non-symmetric in which the killing rate of the cancer cells is dependent on the
concentration of the cells. A number of invariant reductions are obtained in which the ﬁnal exact solutions to the models
are obtainable in terms of special functions like Bessel functions. Finally, we determined the conserved ﬂows of the model
using the notion of partial Lagrangians.
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